Vortices the SO(2) gauged planar Skyrme model , with a) only Maxwell, b) only ChernSimons, and c) both Maxwell and Chern-Simons dynamics are studied systematically. In cases a) and b), where both models feature a single parameter λ (the coupling of the potential term), the dependence of the energy on λ is analysed. It is shown that the plots of the energy vs. λ feature discontinuities and branches. In case c), the emphasis is on the evolution of the topological charge, taking non-integer values. Throughout, the properties studied are contrasted with those of the corresponding Abelian Higgs models.
Introduction
Solitons of gauged Skyrme model, Skyrmions, present much more complex properties than their Higgs counterparts, e.g. the Abelian Higgs vortices in 2 + 1 dimensions [1] , monopoles in 3 + 1 dimensions [2, 3] and monopoles in D + 1 dimensions [4] . One reason for this is that the topological charge densities of gauged Higgs systems can be systematically constructed with a top down approach [4] by subjecting Chern-Pontryagin densities to dimensional descent, while the topological charge densities of gauged Skyrme models, as defined in Ref. [5] , can be constructed instead only with a bottom up approach 1 .
similar to the three dimensional case. It is shown in Ref. [23] that energy profiles plotted against the Higgs coupling are continuous and monotonic, and increase logarithmically for large Higgs coupling. The corresponding study for any SO(2) gauged Skyrmion in 2 + 1 dimensions, either with Maxwell [11] , or with Chern-Simons [14, 15, 16 ] dynamics, has not been carried out. This is our first objective. Our analysis here will confirm that also in the two dimensional case, some energy profiles exhibit discontinuities and branches. Our second objective, which from the viewpoint of dynamics is the dominant one, is to track the evolution of the topological charge in a given gauged Skyrme model. (The relationship of the energy with the electric charge and the spin are already studied in Ref. [9] .) The gauge-decoupled Skyrmion has integer "baryon number" which is calculated as the volume integral of the winding number density. Introduction of the SO(2) gauge field alters the definition of the topological charge density, and further, in the presence of Chern-Simons dynamics the integral of the altered topological charge density departs from the integer value. This mechanism is predicated on the presence of the electric component of the gauge potential, which in turn results from the presence of the Chern-Simons term. (Not surprisingly this mechanism is also responsible for the unusual energy/electric charge and energy/angular momentum dependence, which was the subject of investigation in Ref. [9] .)
The most general Lagrangian considered is
In achieving our first objective, we employ the two models a) With Maxwell term only, i.e., with κ = τ = 0. b) With Chern-Simons term only, i.e., with µ = τ = 0. We study the energy profiles plotted against the coupling strength of the potential term, with special emphasis to the first-order self-dual solutions in each case. The models considered do not contain quartic kinetic "Skyrme" terms since inclusion of these would prevent the saturation of the topological lower bound, and the study of f irst order solutions is the main feature of these models. To achieve our second objective, we employ the model c) incorporating both Maxwell and Chern-Simons terms, i.e., with nonvanishing couplings µ and κ in (1) . This is the simplest system which enables the tracking of the topological charge leading to its annihilation. We have however incorporated the quartic Skyrme kinetic term as well with coupling τ . The first reason is that the model in question should, in the gauge decoupling limit, support the ungauged Skyrmion characterised by the "baryon number" prior to gauging. This necessitates the inclusion of the quartic Skyrme term. It turns out also, that the presence of this term renders the numerical computations simpler. It is important to note that to achieve this aim, the potential V [φ] is chosen suitably as explained in Appendix C.
Our study of a) the gauged planar Skyrmion with Maxwell dynamics is presented in Section 2, where we have employed two different potentials. The first one is the potential employed in Ref. [11] which allows the construction of self-dual solutions. The second model we study employs the "pion mass", where solutions to the second-order equations are constructed. The numerical integrations here are simpler since the decay is exponential. In Section 3 we study b) the model with (only) Chern-Simons dynamics, where the new choice of potentials arises. In both Sections 2 and 3, we have studied the solutions of the second-order equations, in addition to those of the first-order equations. In Section 4 the combined Maxwell-Chern-Simons model c) is studied, where there are only solutions to the second-order equations. Throughout, the said properties are studied quantitatively using numerical methods. A summary of our results is given in Section 5. The topological charge densities are defined in Appendix A, and the resulting topological lower bounds on the energy densities (Belavin inequalities) for Maxwell dynamics and for ChernSimons dynamics are presented in Appendices B and C respectively. Since all the features revealed contrast starkly with the corresponding features in Higgs models, and since the crucial role is played by the topological charges and Belavin inequalities, we have inserted subsections in each Appendix exposing the (familiar) definitions for the corresponding Higgs models against which their Skyrme counterparts are contrasted.
Before proceeding to the study of the three types of models a), b) and c), we state the results of symmetry imposition, including the topological and global charges, which are common to all types of models a), b) and c).
Imposition of symmetry, topological and the global charges
Since the field content of the models studied in the next three sections is the same one, we state the results of the imposition of axial symmetry and the resulting charges here in advance. The definitions of the topological charges prior to the imposition of symmetry, are given in Appendix A. For the definition of the familiar global charges, we refer to Ref. [9] .
Imposition of symmetry
The planar Skyrme model, namely the O(3) sigma model, is described by the Skyrme scalar φ a = (φ α , φ 3 ) subject to the constraint |φ a | 2 = 1. The axially symmetric Ansatz is
where r is the radial coordinate, θ is the azimuthal angle and n is the winding number of the Skyrme scalar. Imposition of symmetry on the SO(2) (Abelian) gauge field A µ = (A i , A 0 ) µ = i, 0, is achieved by the Ansatz
The prescription of gauging employed is
and the covariant derivatives of φ a are
Anticipating the usual choice of boundary conditions (A.2) in the Appendix, the corresponding one-dimensional conditions read
consistent with the finiteness of the energy, as well as with regularity at the origin. This choice of boundary values means that we are excluding the choice of symmetry-breaking potentials
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Concerning the boundary values of the function a(r) in (3) at the origin, regularity requires that lim r→0 a(r) = n .
As for a(∞), the boundary values of the function a(r) at infinity, this will be left free. This is in stark contrast with usual 6 Abelian Higgs model, where a(∞) = 0.
Topological charge
Calculating the integral of ̺ 0 defined by (A.5), subject to (2)-(3), gives ̺ 0 d 2 x = −8π n . We thus denote the topological charge density of the ungauged Skyrmion as
which is the "baryon number" n. After gauging, the topological charge is given by the density (A.10)-(A.11) and the resulting topological charge is
When the choice v = 1 is made, which as we have seen in Appendix B is obligatory in the case when the Abelian dynamics is controlled by the Maxwell term only, the topological charge equals the "baryon number" n.
With all other values of v, the topological charge departs from n. As seen in Appendix C the choice of v = 1 is viable in models featuring a Chern-Simons term, and the results obtained in the generic case are qualitatively the same. Here we have made the choice v = 0 throughout, as this is the simplest option.
With v = 0 the topological charge is
5 Such potenials lead to a magnetic flux, and such models were considered in [24] , investigating the relation of the magnetic flux and spin. Recently symmetry-breaking potentials in 2 + 1 dimensions were employed in [25] , where minimal energy multisolitons and their interactions were considered. This is not in the scope of the present work. 6 The usual Abelian Higgs (AH) model is the p = 1 AH model, for which a(∞) = 0 is forced by the requirement of finite energy. By contrast, all other AH models with p ≥ 2 can support finite energy solutions [9] for a(∞) = 0.
where the contribution of the second integral is not necessarily vanishing.
Evaluating (13) subject to the symmetries (2)-(3), gives rise to
where a ∞ = a(∞). The expression (14) enables tracking the evolution of the topological charge ("baryon number") by considering solutions with evolving values of a ∞ , i.e., where a ∞ = 0. It is important here to stress that this is a strictly Skyrme theoretic mechanism, and is excluded by Higgs theoretic dynamics. Notably, a ∞ = 0 for the usual (p = 1) Abelian Higgs (AH) model 7 .
Global charges
We will also consider the energy E and the angular momentum J of these solutions. Their corresponding expressions can be derived from the 00 and 0ϕ components of the stress-energy tensor, respectively. Anticipating the model studied in Section 4, the reduced one dimensional energy density of that model is
The reduced angular momentum density is,
and the electric charge density is
derived from the Gauss Law equation. The definitions of both angular momentum and electric charge depend on the 0-th component of the Abelian connection A 0 , which in turn depends on the presence of the Chern-Simons term. 7 It is however the case that vortices of the p ≥ 2 AH models, alluded to in footnote 3 above, with a ∞ = 0 exist. This fact does not lead to the evolution of the topological charge (the magnetic vortex number µ). To see this we recall the expression for the topological charge of the p-AH model, which is descended [4] from the 2p-th Chern-Pontryagin density. In terms of the radial functions a(r) and h(r) parametrising the radially symmetric U (1) field and the Higgs field φ α = h n α , in the notation of Section 1.1.1 above, the expression for the topological charge corresponding to (14) is
since h(∞) = 1. The topological charge of a p-Abelian Higgs model cannot take any other value but the vortex number n.
The energy, the angular momentum and the electric charge are then given by
In contrast to our conclusion in Section 1.1.2 above, where we excluded the possibility of evolving topological charge of the Higgs model analogues, the situation here relating to (20) and (21) is different. This is because the definitions of J and of ρ e are independent of the scalar field content, i.e., Skyrme, or, Higgs. Thus, as long as the Higgs model employed is a p-AH model with p ≥ 2, which supports solutions with a ∞ = 0 like a Skyrme model, the evolutions of the spin J, (20) , and electric charge Q e , (21), can be tracked. In Ref. [9] this was carried out in detail and the corresponding evolutions of the energy w.r. t. Q and J were tracked.
2 SO(2) gauged Skyrmions on R
with Maxwell dynamics
The Lagrangian and the static Hamiltonian of the SO(2) gauged planar Skyrme model with Maxwell dynamics are
Two potential functions V [φ 3 ] in (22)- (23) will be considered. Subjecting the static Hamiltonian (23) to the symmetry (2)-(3), the resulting one dimensional energy density functional is
We study the vortices resulting from the use of the two potentials
The potential (25) , with λ = 1 leads to the saturation of the topological lower bound of the energy. After imposition of symmetry on (B.8)-(B.9), the two first order ODE's are
This is the case studied in Ref. [11] . Here we will consider vortices of models also with λ = 1, by solving the second-order equations of motion. We will seek to find the energy profiles versus the real and positive parameter λ. These profiles display discontinuities and branches. The reason for considering the other potential, (26) , is that it is a rather natural choice resembling the "pion mass" potential of the three dimensional Skyrme model. (The topological lower bound established (B.7) for the potential (25) remains valid in this case.) Clearly with this choice of potential, only solutions to the second-order equations of motion can be sought. A distinguishing feature of these solutions is that they decay exponentially, in contrast to the power decay in the case of potential (25) .
A common feature between the solutions of the models with potentials (25) and (26) is, that in both cases the topological charge equals the winding number n, as seen from (12) with v = 1.
We are specially interested here in solutions with the ranges of λ which are subject to the lower bounds (B.11)-(B.11). Following Ref. [26] , one can estimate numerically the relative magnitude of the energy per unit vorticity n.
The solutions
Assuming power behaviour in the r ≪ 1 region, we find
where n is a non-zero integer. At infinity, the value f (∞) = 0 is fixed by (9) . How f (r) decays at infinity depends on the potential employed.
2 , (25), leads to a power decay, given by
for a ∞ = 0, and
for a ∞ = 0. For the quadratic potential (25) our numerical resolution is lower. We have obtained solutions for λ < 1 which have a ∞ = 0 and self-dual solution for λ = 1 which have a ∞ = 0 [11] . The dependence of the energy on λ for λ ≤ 1 is shown in Figure 1 . We see that in that region the interaction between vortices is attractive. For λ > 1 the numerical schemes seem to indicate that the solutions might not exist, since their accuracy degenerates quite fast as higher resolution is required. Those solutions do exist if a Skyrme term is added to the theory, though. One can produce solutions with non-vanishing a ∞ for any value of λ when the Skyrme term is present, but as soon as one tries to remove it the convergence of the numerical schemes ceases, indicating that the solutions in the limit without the Skyrme term might not exist for λ > 1. (26), results in the exponential decay, given by
Both in (34) and (36), the value of a ∞ on the other hand is in general fixed by the numerical process. In Figure 2 (left) we show the energy per vorticity E/n for the vortices with the pion-mass potential (26) . We observe there is a limiting value of the coupling constant of the potential given by
For n = 1 the limiting value coincides with the minimal value of λ ′ (zero) but for n > 1 it corresponds to the maximal value of λ ′ . For these solutions a ∞ ranges for 0 to n. The dependence of a ∞ on λ ′ is exhibited in Figure 2 (right). 
SO(2) gauged Skyrmions with Chern-Simons dynamics in 2 + 1 dimensions
Apart from its intrinsic interest, the main motivation for considering models whose Abelian field dynamics is described by Chern-Simons term in the Lagrangian, is that it enables the choice of a potential in which the constant v may take values v = 1. This potential is given in Appendix C by (C.8) and the topological lower bound resulting from the Belavin inequality (C.9) remains valid for any value of v. In the present work, we opt for the simplest such value v = 0. As a result, the topological charge defined by (A.10) in Appendix A, with v = 0, results in the expression (14) for the topological charge. Equation (14) enables the tracking the evolution of the topological charge, by tracking the evolving values of a ∞ that parametrise the solutions. We will find that for the model in this section the values of a ∞ do not result in the dissipation of the topological charge, so we defer this question to the study of the model with both Chern-Simons and Maxwell dynamics in the next section. In the present section, we restrict our considerations to the intrinsic properties of the solutions.
The Lagrangian and its static Hamiltonian studied in this section are defined by (C.1) and (C.4), respectively, in both of which the potential V [φ] is given by (C.12). The static (energy) density employed in this model is (C.4), which is seen from (C.9) to be bounded from below by the topological charge. The static Hamiltonian is
What is different here, contrasting with the Maxwell case above, is that the value of the real constant v is not restricted. This is obvious since the potential term in (38) would vanish at infinity for any value of v since |φ α | 2 (∞) = 0. Another striking difference here, contrasting with the Maxwell case above, is that in this case the second-order equations of motion are solved by the first-order equations (C.10)-(C.11) for any value of v for the self-dual case λ = 1. As seen from (A.10), only when the choice v = 1 is made, is the topological charge equal to the winding number n. For all other values of v = 1 the topological charge of the gauged system departs from n and depends on a ∞ .
After imposition of symmetry using the Ansatz (2)- (3), (38) reduces to the one-dimensional density
When λ = 1 the second-order equations of motion are solved by the first-order equations
where the function U in (41), given by (C.7), reduces to
These self-dual solutions were constructed in [16] . Here, we seek solutions to the second-order equations, with λ = 1.
We will restrict our quantitative considerations to the models with v = 0 since this is the simplest case of v = 1, this being the case of interest from the viewpoint of tracking the evolution of the topological charge. The model with v = 1 has been studied in Ref. [27] 8 . Proceeding with the study of the v = 0 model, the expansions at the origin for this solutions read
Concerning the asymptotic behaviour, the situation is more complicated. We have to distinguish between two cases: a ∞ > n and a ∞ < n (a ∞ = n is a singular case). For a ∞ > n we have a power decay in a 1/r resulting to be a(r) = a ∞ − 1 128
b(r) = 1 16
For a ∞ < n the functions decay exponentially. The corresponding expressions are quite involved so we will not reproduce them here.
This change in the asymptotic behaviour is reflected on the dependence of the energy on a ∞ . In Figure 3 (left) we represent the energy E versus the parameter a ∞ for SO(2) gauged Skyrmions with CS coupling constant κ = 1, λ = 1 and vorticities n = 1, 2, 3, 4. For a ∞ > n the energy becomes E = 2π(n + a ∞ ), namely, it saturates the topological lower bound. Whereas for a ∞ < n the dependence of the energy on a ∞ is different. Such solutions, which may be considered to be sphalerons, were not sought in [27] in the case of the model with v = 1. Although the transitions from a ∞ < n to a ∞ > n look continuous at the level of the energy (with change in the slope at a ∞ = n), it is not so in fact. If one looks at the quantity b ∞ we can observe a jump at a ∞ = n. We show this in Figure 3 (right) for the set of solutions with n = 4 shown in Figure 3 (left). Notice that above a ∞ = n, b ∞ is constant (and equal to the leading term of equation (47)).
We finally show the dependence of the energy on λ. That behaviour depends on the value of a ∞ chosen. For a ∞ < 1 we have the standard pattern where the curves for several vorticities do not cross each other, resulting in an attractive phase (see Figure 4 for a ∞ = 0). However, for a ∞ > 1 solutions with n < a ∞ end up crossing other curves. We see that the situation here, for the pure Chern-Simons model with v = 0 is much less transparent than in the corresponding model with v = 1 [27] , and in the corresponding Higgs model [26] . We do not pursue this line further. While in the previous two sections our attention was focused on the energy profiles versus λ, the dimensionless constant parametrising the coupling of the potential, here instead we focus on the evolution of the topological charge in a given Maxwell-Chern-Simons-Skyrme theory. The topological lower bound for this model follows immediately from the topological lower bound (C.9) given in Appendix C for the model with Chern-Simons dynamics only, since adding the Maxwell term to the Lagrangian does not invalidate the ensuing topological lower bound (C.9).
In particular as elsewhere in this work, we will select the simplest option v = 1, namely v = 0. As can be seen from the Lagrangian (C.1), it does not contain a quartic ("Skyrme") kinetic term. We add such a term nonetheless, so that in the gauge decoupling limit a topological lower bound persists. The soliton of the ungauged system is stabilised by the "baryon number", the departure of the topological charge from which, is what we aim to track.
We will find out in fact, that the evolution of the solutions can result in the total annihilation of the topological charge.
The model is described by the Lagrangian
in which the potential V [φ] is that given by (C.8), with v = 0. This choice of V [φ] is predicated by our desire to avail of the topological lower bound (C.9), where the charge density is that given by (A.10), or, by (A.8). This topological lower bound is not invalidated by adding the Maxwell term to the Lagrangian (C.1) which results in the addition of a positive definite contribution to the static density (C.2).
While in the absence of the Maxwell term the electric component of the Abelian potential A 0 could be solved using the Gauss Law equation, (C.3) in Appendix C, here this is not possible. So in the imposition of symmetry, the function b(r) in (4) appears explicitly in the one-dimensional reduced Lagrangian, which results to be
in which the potential term is multiplied by the real positive parameter λ, in order to allow for generic values of the potential coupling constant. The second-order equations of (50) are solve subject to the boundary values
where a ∞ is not necessarily zero and b ∞ is a free parameter that allows us to vary the electric charge of the solutions within a concrete model (i.e., choice of the parameters in the Lagrangian).
Notice that a ∞ is numerically related to b ∞ .
Numerical results
The field equations resulting from (50) cannot be integrated analytically and one has to resort to numerical methods to carry out that task. Given a concrete theory (e.g. fixed κ, τ , η, and λ) and a fixed winding number n, there is just one free parameter to be varied. As said above we use b ∞ as such a parameter, a ∞ being numerically related to b ∞ . In Fig. 5 we show the relation between b ∞ and a ∞ for a generic solution (n = 1, λ = 1.6, η = 1, κ = 1, and τ = 1). We observe that b ∞ is bounded while a ∞ seems not to be 9 . That indicates that there exist solutions with arbitrarily large (positive or negative) values of the topological charge q. The same holds for the electric charge Q e and the angular momentum J. Concerning the energy E, it diverges as |a ∞ | gets larger and larger. In fact, we know already from our results in Ref. [9] that due to the dependence between a ∞ and b ∞ , the dependence of the mass/energy E on the global charges is non-standard, namely the dependence on the electric charge Q e and the angular momentum J displayed respectively (left and right panels) in Figure 6 . Let us analyze the effect of the topological charge q on the energy E. In Figure 7 (left) we represent the energy per unit winding number n versus the topological charge for three values of n for the same parameters as in Figure 5 . For small values of the Skyrme constant τ the minimum of the energy occurs at values of the topological charge around the winding number. However, when higher values of τ are considered the minimum of the energy occurs at values clearly different from the winding number. This is shown in Figure 7 (right), where the minimum of the curve for n = 1, τ = 10 is located at q ≈ 0.556. In the limit of large τ the minimum of the energy occurs at q = n/2, as shown in Figure 8 . So the minimum takes place within the range q ∈ [n/2, n]. Concerning the stability of these solutions, one would be tempted to state that most stable solution would correspond to that with less energy, which according to Figure 7 (right) does not possess integer topological charge, in general.
Summary and discussion
We have made a systematic study of SO(2) gauged planar Skyrmions in 2 + 1 dimensions. The models in question feature a) Maxwell (only), b) Chern-Simons (only) and c) (both) Maxwell and Chern-Simons dynamics. The studies in a) and b) are aimed at exposing discontinuities and branchings in the energy profiles of such solutions, which were encountered in the solutions to the SO(3) gauged O(4) Skyrme model on R 3 . These were shown in Refs. [19, 20] and [21] , and In case a), pertaining to Maxwell dynamics (only), we have studied the model a1) with potential (25) that supports self-dual solutions of first-order equations, and the model a2) with a "pion mass" potential which has solutions to the second-order equations only. The energy profiles of both models exhibit non-monotonic features.
The solutions we found in the model a1) are characterised by a ∞ = 0, for the coupling constant λ < 1, λ = 1 corresponding to the self-dual solution. However, when the model is augmented with the quartic (Skyrme) kinetic term (τ > = 0), we find solutions with any λ and a ∞ = 0. Not surprisingly the quartic term, which has a smoothing effect, becomes singular in the limit τ → 0. The energy profiles for τ = 0 are given in Figure 1 , which while they do not exhibit branches and look smooth, they do stop at λ = 1.
The solutions of the model a2) with potential (26) exhibit more marked discontinuities in the energy profiles, which range from zero to some finite value of the coupling λ ′ as shown in Figure 2 (left) for n = 1, 2, 3. The behaviour of these profiles is typified by the value of a ∞ , which emerges from the numerical process. These latter are exhibited in Figure 2 (right). The end point of each of these profiles is observed to coincide with the value of the coupling
In case b), pertaining to Chern-Simons dynamics (only), we have studied only one model. This model, typified by a potential term exhibiting no constant i.e. v = 0 in (38). This choice was made in anticipation of selecting the desired model c), subsequently studied in Section 3. The solutions here present a more complex pattern, occasioned by two different asymptotic behaviors characterised by a ∞ > n and a ∞ < n. When a ∞ > n, the functions decay with a power behaviour, while when a ∞ < n they decay exponentially, solutions with a ∞ = n being singular. It is noteworthy to point out that the exponentially decaying solutions with a ∞ > n, the energy has the constant value E = 2π(n + a ∞ ), as seen from Figure 3 (left) . While the transition from the a ∞ < n to the a ∞ > n solution looks smooth in this plot, it is in fact discontinuous, as seen from Figure 3 (right) showing the relation of a ∞ and b ∞ for n = 4, where the jump at n = 4 is seen.
Concerning the energy profiles versus the coupling λ in this case, b), we have plotted these in Figure 4 for the solutions a ∞ < n. These E/n profiles are smooth and they do not cross at the self-duality point λ = 1, hence the system describes solutions exclusively in the attractive phase. In this respect, these solutions differ from those of the vortices of the Abelian Higgs model, where both attractive and repulsive phases occur, and also , from vortices [27] of the Chern-SimonsSkyrme model with v = 1 rather than the v = 0 model studied here. The situation is different for the a ∞ > n solutions, in which case curves of different vorticity do seem to cross, or at least meet. This completes our f irst task, namely the investigation of discontinuities and branchings in the energy profiles of gauged (planar) Skyrmions, employing models featuring only Maxwell and only Chern-Simons dynamics, in turn, and, in the absence of the quartic Skyrme kinetic term.
In carrying out our second task, namely the tracking of the topological charge with changing energy, we proceeded to the third case c). The system studied contains both Maxwell and Chern-Simons dynamics 10 . Such a system was studied in (Section 4 of) Ref. [9] , albeit with a different (Skyrme) potential term. There, the emphasis was on the non-standard dependence of the global charges, electric charge and spin, while here, the emphasis is on the evolution of the topological charge and its dependence on the energy. The choice of potential in the present work, is motivated by our desire to influence the topological charge. As can be seen from the definition (A.10) of topological charge, if v = 1 as e.g. in the "pion mass" potential, the integral of the charge density will yield the winding number n, as in the gauge-decoupled case. Here, we have adopted a potential featuring the value v = 0, which does not force the topological charge to take the value n. This potential is inspired by Chern-Simons dynamics, arrived at via the Belavin inequalities presented in Appendix C.
In the case c) here, we have included also the quartic (Skyrme) kinetic term with coupling strength τ , since we require that our model support solitons [28] in the gauge-decoupling limit.
The mechanism giving rise to the features found in [9] and here, is the same one, namely the effect of the Chern-Simons dynamics. Technically, this is due to the intertwining of the magnetic and electric functions a and b present in the Chern-Simons density, the asymptotic values a ∞ and b ∞ of which characterise the solutions in any given model. In the present case, the relation between a ∞ and b ∞ is displayed in Figure 5 , which corresponds to Figure 6 in Ref. [9] . The latter result in the non-standard dependence of the energy on the global charges featured in Figures 7 and in 8 in [9] . The model studied in [9] featured the "pion-mass" potential, while the potential used here is (C.8) (with v = 0) employed in (49). For completeness, we reproduce these results for the system studied here, in Figures 6 (left) and 6 (right) .
The most interesting result in the present work is the dependence of the topological charge on the energy. In Figures 7 (left) , 7 (right), and 8 we observe that the topological charge evolves, taking values different from the "baryon number" n, or the winding number, due to the effect of the gauge field. We observe that in the absence of the quartic kinetic (Skyrme) term (τ = 0) the energetically favoured states occur at the value of the topological charge coinciding with the winding number. When the Skyrme term is switched on, the energetically favoured states appear at smaller values, down to one half of the winding number for large τ . Also in the limit of large τ , we find a clear asymmetry between positive and negative values of the topological charge q. For large positive values of q the energy becomes independent of the winding number n, whereas for large negative values of q the gap in energy between curves with consecutive values of n does not depend en n, i.e., the curves are equispaced.
The present work is entirely devoted to the study of gauged Skyrmions in 2 + 1 dimensions. Of special interest is the influence of Chern-Simons dynamics which results in the non-standard behaviour of the energy on global charges, as reported in [9] . Going further, in the present work we investigate the effect of the Chern-Simons dynamics on the evolution of the topological charge. We expect that these effects are not limited to the 2 + 1 dimensional Skyrmions, but that they feature also in higher dimensions.
In a recent Letter [10] , SO(2) gauged Skyrmions in both 2 + 1 and 3 + 1 dimensions were studied. It was found there that in the 3 + 1 dimensional case, where there is no usual 11 definition of a Chern-Simons density, these new effects were not observed. In the context of 3 + 1 dimensions however, there do exist Chern-Simons densities, namely the Higgs-Chern-Simons densities (also defined in [13] ), whose dynamics does result in the non-standard relation of energy and global charges. This was demonstrated for the SO(5) and SU(3) Yang-Mills-Higgs monopoles in Refs. [29, 30] . It is important in this connection, that Higgs-Chern-Simons dynamics cannot lead to the evolution of topological charge observed here for gauged Skyrmions influenced by Chern-Simons dynamics.
A Topological charge of SO (2) 
The definition of the topological charge is independent of the dynamics of the gauge field. The definitions given in this Appendix, apply to the following Appendices B and C, pertaining respectively to Maxwell and Chern-Simons dynamics. The topological charge for SO(N) gauged O(D + 1) Skyrme system on R D , with 2 ≤ N ≤ D, is given in [5] and is reviewed in Appendix B of Ref, [13] . In the case D = 2, this definition coincides with that of Ref. [11] . Here, we revisit the D = 2 case for completeness and, with more detail.
The O(3) sigma model(s) are described by the scalar field φ a , a = α, 3; α = 1, 2, which is subject to the constraint
From the outset we restrict our attention strictly to topologically stable Skyrmion solutions, which are characterised by the asymptotics,
Moreover in what follows we will restrict to the upper signs in (A.2), for simplicity. The prescription of gauging employed is
such that the component φ 3 is gauge invariant. The winding number density prior to gauging is
which is essentially total divergence but is gauge variant, while the density
is gauge invariant but is not a total divergence. Thus, neither qualifies as a topological charge density. However, (A.5) and (A.6) are related through
Collecting the two gauge invariant terms together, and the two total divergence terms together, we propose two equivalent definitions for a topological charge densitỹ
The first line, (A.8), is manifestly a total divergence while the second line, (A.9) is manifestly gauge invariant. Both are gauge invariant and total divergence, and are candidates for topological charge densities. It is clear that the definitions (A.8)-(A.9) can be extended by adding to (or subtracting from) each, the first Chern-Pontryagin density 12 ε ij F ij , which is both total divergence and gauge invariant. Subtracting ε ij F ij = 2ε ij ∂ i A j , with a real constant coefficient υ, results in the most general definition of the topological charge
Our considerations are restricted strictly to Skyrmion asymptotics (A.2), mostly to the upper signs there, throughout. For the purpose of establishing Belavin inequalities, definition (A.11) for the topological charge will be employed, while (A.10) will be employed to evaluate the topological charge itself.
A.1 Topological charge of SO (2) gauged Higgs system on R Here, we return to the definition of the topological charge of the SO(2) gauged Higgs scalar, in a manner analogous to what was described above for the O(3) Skyrme system. The systematic way to achieve this is to subject a Chern-Pontryagin (CP) density to dimensional descent to the desired dimension, in this case R 2 . (See [4] and references therein.) This alternative approach was proposed in [6] for the Higgs systems on R 2 and R 3 . Here we present only the case in R 2 . The covariant derivative of the complex Higgs scalar ϕ = φ 1 + iφ 2 , written for the real doublet φ a , a = 1, 2 is
In analogy with (A.5) and (A.6), we define the winding number density prior to gauging
which is essentially total divergence but is gauge variant, and its covariantised version
which is gauge invariant but is not a total divergence. Thus, neither qualifies as a topological charge density. The relation between ̺ 0 and ̺ G , analogous with (A.7) is
from which we deduce the two definitions of the topological charge densitỹ
analogous with (A.8)-(A.17).
Finally, we add η 2 times the 1st CP density 1 2 ε ij F ij to state the final result
Here, the real constant η has dimension [L −1 ] like the Higgs scalar, unlike the dimensionless constant v above, (A.10)-(A.11), for the Skyrme scalar.
B Topological lower bound for SO(2) gauged Skyrmions in 2 + 1 dimensions with Maxwell dynamics
The static Hamiltonian considered is the SO(2) gauged planar Skyrme scalar with Maxwell dynamics,
where η be a constant 13 with dimension L −1 and V [φ 3 ] is the (dimensionless) potential, which will be determined after requiring that (B.1) is bounded from below by either the topological charge density (A.9) or (A.11).
The inequality giving rise to the ̺ G term in (A.9) (or (A.11)) is
and to reproduce the other term in (B.1) we consider the inequality
for some real gauge invariant function U[φ 3 ] to be determined via the inequalities (B.2)-(B.3), which in turn imply the following Belavin inequality
For the right hand side of (B.4) to coincide with the topological charge density (A.11), fixes
Finally, identifying the left hand side of (B.4) with the static Hamiltonian (B.1) fixes the potential
So far the value of the constant v is not fixed. It is clear that with (the upper sign of) Skyrme asymptotics (A.2), the energy integral resulting from the left hand side of (B.4), will diverge except when one chooses v = 1. The topological charge is conveniently evaluated using the expression (A.10), which in this case will get its value from the integral of the first term ̺ 0 only, since the second term vanishes at infinity by virtue of (A.2) (upper sign). Thus the topological charge of these vortices is equal to the "baryon number" of the planar Skyrmion in the gauge-decoupled limit.
The lower bound on the static Hamiltonian (B.1) is now
which is saturated when both inequalities (B.2) and (B.3) are themselves saturated, resulting in the two first-order equations
which solve the second-order equations. This lower bound is not invalidated if the potential (B.6) is replaced by another potential which is everywhere (within the acceptable range of values (φ 3 (0) = −1 , φ 3 (∞) = 1)) larger than (B.6). A natural example is the "pion mass" potential V = 1 − φ 3 . More interesting however is the choice
Denoting the resulting static Hamiltonian defined in terms of the potential (B.10) as H (λ) , the lower bound corresponding to (B.7) now reads
following the analysis given in Ref. [26] for the Abelian Higgs model. It is clear that setting η = 0, namely by opting for the definition (A.17) for the topological charge, the potential V = U 2 results in diverging energy since the covariant constancy of the Higgs field implies that its magnitude vanishes at infinity. Denoting the static Hamiltonian defined in terms of the potential (C.12) as H (λ) , the lower bound corresponding to (C.9) now reads
B.1 Topological lower bound for the Maxwell-Higgs case
formally the same as (B.11)-(B.12).
C. This is known from the work of [17, 18] . What must be emphasised here is that setting η = 0 results in divergent energy since at infinity |φ a | 2 → η 2 , in contrast with the Skyrme case above where |φ α | 2 → 0, which allows the choice v = 0 there.
